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For v (x) =v=const the functions v;; are evaluated explicitly by using the three-
dimensional Fourier integral transform

. B|x—3]

vik(x, 8) =15 2z,9z,
1

We hence obtain the known representation of the fundamental solution of the equilibrium
equation of homogeneous elasticity theory, the Kelvin matrix /6/.

We note that by using relationships (1.7), (3.3) and (3.4), the stress field caused by
the action of a unit concentrated force on an unbounded elastic body with inhomogeneity of the
type consideration can be evaluated.
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ON CERTAIN FORMULATIONS OF THE BOUNDARY-ELEMENTS METHOD

V.YA. TERESHCHENKO

Variational formulations are proposed for the boundary-element method
(BEM) to solve linear problems of elasticity theory with a known Green's
tensor. Unlike existing BEM formulations utilizing the method of weighted
residuals /1/ or boundary integral equations /2/, the formulations to be
considered below use a variational formulation of the problems for
boundary functionals /3/ in a set of allowable functions in the form of
double-layer potentials whose density is given in the form of BEM basis
functions. Also examined is a BEM variational formulation on the basis
of minimization problems for Trefftz generalized functionals of the
fundamental boundary value problems of linear elasticity theory /4/. A
basis for the formulations is presented. Utilization of the proposed BEM
formulations is effective in solving boundary-contact problems; con-
sequently, a numerical realization is examined with an example of a
unilateral variational problem (of the generalized Signorini problem type
/5/) corresponding to the classical contact problem of inserting a stamp
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into an elastic half-plane with approximation of the possible contact
boundary by isoparametric boundary elements.

1. Let us consider variational formulations of problems for boundary functionals (BF)
utilized in the BEM variational formulations. Dual variational problems for BF of linear
elasticity theory are formulated in /3/ in terms of surface displacements and stresses to
whose solution by the method of orthogonal expansions on the domain boundary /6/ the solution
of the fundamental boundary value problems of linear elasticity theory is reduced.

The functionals of these problems are minimized (maximized) by solutions of a homogeneous
equilibrium equation for an elastic medium in displacements, which it is natural to consider
as a constraint of the variational problems. Thus, according to /3/, construction of the
solution of the first fundamental problem (the problem with a clamped boundary) reduces to
finding the vector @, (r), x e G, which is a solution of the variational problem for the BF

Fs (@)= { gt (@) ds — 2 ot (u*) ds (1.1)
S 8

defined in the subspace Wy*":(S) C W,": (S) of traces of the solutions of the equilibrium
equation Ap=0 in the domain of an elastic medium G where the vector u* (z), z =G, which

is assumed to be given, should satisfy the equilibrium equation Au* = K (K is the mass force
vector) and the boundary condition on the free part of the boundary (since the whole boundary

is fixed in the first problem, there is no such condition). Then if the vector ¢,is constructed,
we obtain /6/ a solution of the first problem u,= u* — q,.

According to /5/, and also by using an auxiliary mixed boundary value problem for the
vector u* with zero boundary condition at points of the boundary of possible contact 'S,
unilateral boundary value problems (of the generalized Signorini problem type /7/), reduce to
a unilateral variational problem for the BF

Fs (@)= % S PtV () ds + S PL (u*) ds 1.2)

S, S,

defined on a convex closed set of vector-functions
V(S ={p =Wy (S)|eM]5,> 0}

where W,*/:(S,) 1is a subspace of traces of the vector-function ¢ satisfying the conditions
/5/
A(P=0 in G, fA0] (q)) Isz=0’ S2=S|S‘ (13)

Avariational formulation of the BEM is possible on the basis of a generalized Trefftz
method since minimization of the generalized Trefftz functionals (GTF) reduces to solving
equations in the boundary values of the desired solution. For instance, for the second
fundamental problem of linear elasticity theory (the problem with a free boundary) by analogy
with the GTF of the Neumann boundary value problem for Poisson's equation /8/ the GTF can be
taken in the form

@ (u) =2 S W (w)dG + %S(t(")(u)-au)’ds —a S utds (1.%)
G 8 S

Here 2W (u) is the quadratic form of linear elasticity theory /8/, t0®)(u) is the surface
normal stress vector, and & is a certain positive constant whose value is selected from the
condition for the functional ® (u) to be bounded from below. A generalization of the
functional (1.4) was presented /4/ for the case when norms of the boundary displacement and
stress values in the classes of functions W'/t (S) and W, /s (S), respectively, are inserted into
the functions, resulting in refinement of the values of the functional in the solution of the
problem as compared with a functional of the form (1.4).

The GTF of the fundamental boundary value problems of linear elasticity theory are
minimized in solutions of the equilibrium equation in the displacement Au = K. In problems
with a free boundary the allowable functions of the variational problems should be subjected
to known conditions ensuring the single-valued solvability of the problems that are presented
below in the BEM formulations.

2. Let GC Em (m = 2n3) be the domain of an elastic medium with a sufficiently smooth
boundary S. We partition the boundary S into boundary elements according to /2/: let Sa,
the boundary approximating S, consist of the boundary elements As,, that is
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and let Gy C G be the domain bounded by Si; we will assume that Ga—G as diam As, — 0.
Let the displacement field at the points ¥y & As, be interpolated at the nodal values of the
displacements by using the vector functions

Wn(y):[W]‘Fy n=1, P N
where [W] is the matrix of the nodal displacements of the element As,, and ¥ is a vector of

the basis functions, i.e., each component of the displacements of the points ' & As, has the
form

K
wm(y(n))=k2 Wadx(m), i=1,...m (2.2)
=1
Here k=1, ..., K is the number of nodes of the element As,; W; are elements of the

nodal displacement matrix, and 1, (M) is the basis function corresponding to the node k, where
{n} is the local coordinate system of points of the boundary element As, which is planar

or curvilinear depending on the kind of boundary elements. The connection of the coordinate
system {n} with the global (Cartesian) coordinate system {y} for points of the element As,
is set up /2/ in terms of the Jacobi matrix [J] of the transformation that is defined by the
equation y = y (n), 1 = As,, so that dy = [J]dn.

Completeness in L, (Sa) is assumed for the sequence of interpolation functions {Winkn=1,2....
of the form (2.2), which is ensured /2/ by the representation of w;,(n) on a finite size
element As, in the form of a complete polynomial of the variable 1 & As, and is understood
in the sense of convergence of the linear combination a,wi, + @iz + ...+ @ywin in the mean
to a certain function w,(i=1,...,m) as N — oo (diam As, — 0) because of the selection of
the constants a,.

Furthermore, we will consider the case of a homogeneous isotropic elastic medium. Using
Green's tensor of the first fundamental problem of statics T (z, ¥} (sufficiently complete
conditions for the existence of such a tensor are presented in /9/) we construct the sequence
of functions

(ﬁin’n=1,2....v i= 11 ceesin (2.3)
in the form of double-layer potentials (the notation is borrowed from /9/)
1
Bin@)=—-7 § [T@/0y. v T @ W win)ds ), 26 (2.4)
Sa

where T is the boundary vector operator of differentiation with respect to the direction of
the positive normal v to the surface (2.1). The density of the potentials (2.4) is determined
in terms of the displacement components of the form (2.2) for points of the elements As,,
and therefore f.,(z) are essentially the displacement components of the points z & Ga of an
elastic medium.

We will investigate the integral in (2.4). Firstly, the integral representation (2.4)
is given a basis /9/ for the case of the piecewise-smooth boundary (2.1). Secondly, since
the support of the basis functions +, (1) is the boundary element As, (as usual, the support
is understood to be the set of points m & S, in which vYx 5= 0), the integral in (2.4) actually
extends only over the cell As, (for each n) and exists /9/ for a continuous displacement field
at points of the element As,, which is satisfied if the interpolation functions wj, (n) are
represented in the form of first (and higher) degree polynomials in the variable 0 & As,.

The functions P, (2), £ © Ga, defined by (2.4) have all the properties inherent in a
double~-layer surface potential, in particular, Vz & Ga are defined and finite and are /9/
solutions (for every n) of the first problem of statics in the domain Ga with boundary Sa

APy (2)=0, zEGa, Binlsy,=winy), i=1....m (2.5)
A = pA + (A 4 p) grad div

(A is the isotropic elasticity theory operator). The foundation of the formulation of
problem (2.5) for the case of the piecewise-smooth boundary (2.1) is a consequence of the
foundation of the formula (2.4). By proposing to utilize the functions f;,(z) later as
basis functions of the Ritz process in the variational formulation of the BEM, using the BF
(1.1) and (1.2), it is necessary to establish the basis properties of the sequence (2.3}.
Because of the linearity of the integral transformation (2.4), the functions f;n form a
sequence of linearly independent functions. The property of completeness of the sequence
(2.3) in L,(S,) follows from the euality Bin|S, = wm (see (2.5)) and the assumed completeness
of the interpolation functions {winlpey,,,.. in L;(S,). A boundary value problem with given
stresses on the boundary g,: ™ (g) ls, = t"(u*) corresponds /3/ to the variational problem for

the BF (l1.1) with integrals over the boundary S, and with the constraint A¢ =0 in G,. As
is well-known /8/, when solving such a problem by an energy method, the application of the
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Ritz process assumes completeness of the sequence of basis functions "in energy" for the
operator of the boundary value problem. This completeness of the sequence (2.3) will hold
{see /8/, p.360) by virtue of the positive-definiteness of the operator of the second funda-
mental problem (in the domain 6, with boundary §,) under the condition of completeness of the
sequence (2.3} in the space L, (G,).

This latter is established as follows. Let the estimate

et = \§ [T@0y v Ty, (= 0)]ds () 46, (1) < oo
GpASy

hold, which means essentially [T (¢/dy,v ) Ty (2. 9)1* € Ly (G) X L3 (S4) and is satisfied /10/ in
potential-~theory problems. We square both sides of the equality (2.4) and apply the Cauchy
inequality to the right side. Then integrating both sides of this inequality with respect to

G,, we obtain the inequality

1Binll, o0 Siclley, i, s,y t=team

on whose basis the completeness of the sequence (2.3) in IL,(S,) follows from the completeness
of the sequence of functions {winl,—y ., .. in I, (Gy).

3. we proceed to a BEM formulation on the basis of the variational problem for the BF
(1.1) with a constraint on the allowable vector-functions Ag (z) =0, & G. The boundary-
element approximation of this problem uses partitioning of the boundary S in the form (2.1)
according to Sect.2 and approximation of the solution "according to Ritz" by basis functions
in the form of the potentials (2.4).

Let ®;; be the components of the desired nodal displacements; then the i-th component
of the approximate solution will have the form

N K
Pin :ﬂ§1 ;‘21 q)'kﬁnk (x)v T GA! = 17 e (3‘1)

where the functions fnx defined according te (2.4) when taking account of the representation of the
interpolation functions @, (¥ (M), 1= AS, in the form (2.2) will be determined from the formula

Bu@=—3 § [T(555 v )T @y ()] % @.2)
A8

n

@[ J|dsa(n) n=1,.. N k=1, ..., K

(1J] is the determinant of the Jacobi matrix [J] that transforms ds(n) into ds(y)).
A Ritz system of linear algebraic equations to find the nodal values @; follows from
the condition for the minimum of the functional Fg, {@in)

N m K
z [ S t(v")(z 2 (Dikﬁnk) ﬁrp ds, (y) - (3.3)
n==1 o As (y) 1=1 K==}
S ‘(vn) (“:)@pdsn(y)]-—-ﬂ I‘—“—‘1, LK XYY N,P=‘1, ..,,K
Az (1)

{v, and u,* are the positive normal and the value of the given vector u* at the points y =
As,). The solvability condition for the boundary-element approximation of the variational
problem for the functional Fs, (¢in) is written in the form (r, is the radius-vector of the
point y & Asy)

N N

3 w0 @has, =3 § €0 @hx rds,=0

n=1 AS n=1 4%,

We transform system (3.3) to the final system of BEM eguations.
To do this, it should be taken into account that the boundary values of the functions
Bax () (x & Ga), defined according to (3.2) are the following

Bax M as, =P (M), nEAsn, k=1,... K 3.4)
We obtain for the operator of the boundary stresses at points of the element As,
m K
é
(55 valv () (Z,ZQ;«ﬁnx(ﬂ))E 3.5)
= =1

m K
) (2 Z (Ducﬁnk) =
t==1 k==l

m K
aB,,

Y ue o2
=1 k= n

3 1

-
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where ¢ (A, B) is a constant factor dependent on the Lamé constants.
Taking account of Eq.(3.4), the result of differentiating it with respect to v, (n), and
expression (3.5), we reduce system (3.3) in the unknowns @, to a system of BEM equations

N K
Y You § coum

n=1 K==l Agn(n)

Zf: Y| [dsn (M) = (3.6

t{v"‘)(ubq}pl;idsn(n)’ i==1,.. %2
a1 p=1 A8, (1)

The vector @y of the approximate "Ritz" solution of the boundary~-element approximation of the
variational problem for the functional Fg A (pn) should be subjected to the single-valuedness
condition

S PN dGy = S rot on dGy =0 3.7)
Ga Ga

The matrix of system (3.6) whose elements are evaluated in terms of integrals of the
form

K
P
2 T bl Tds, (M), p=1,...K
As i k=1 "

is symmetric {(as is usual for a variational formulation of the problem). The positive-
definiteness of the matrix follows from the positive-definiteness of the quadratic form

25' W (pn) dGs for the vectors ¢y satisfying condition (3.7). The single-valued solvability
éa

of the system of BEM Egs. (3.6) follows from the symmetry and positive-definiteness of the
matrix.

It should be taken into account for the foundation of the BEM formulation described that
the variational problem for the BF (1.1) with a constraint on the allowable functions A¢ =0
in G is egquivalent to the second fundamental problem in the variational formulation for the
energy functional, and the boundary-element approximations of the form (3.1) are "Ritz"
approximations of the solution of this problem in the domain G, with boundary §,. Indeed, it
is sufficient to confirm compliance with the conditions to which the basis functions fin of
the boundary-element approximations ¢ in the Ritz process (/8/, p.96) are subject.

1°, For any N, the elements Py, B2, - . ., Biv are linearly independent.

2°. The elements f;, should belong to the energy space of the second fundamental problem
of linear elasticity theory formulated in the domain G with the boundary Sa, which, as is
well-known /8/, is a subspace of the Sobolev class of vector-functions W,!(Ga) that satisfy
condition (3.7). The elements Pi, (z) (z & G,), defined according to (2.4) are at least twice
continuously differentiable in the domain G, with piecewise-smooth boundary S, (by virtue of
(2.5)); such a set of functions is included continuously in the space W' (Ga) by virtue of
the imbedding theorem /8/.

3°, The sequence (2.3) is the complete, "in energy", operator of the second fundamental
problem of linear elasticity theory, as is proved in Sect.2.

On the basis of the above, approximations of the form {3,1), where the coefficients @y
are determined from the system of BEM Egs. {3.6) under conditions (3.7), form a minimizing
sequence of the Ritz process for the problem of minimizing the energy functional of the second
boundary value problem in the domain G, with the boundary S,. The question of the convergence
of the minimizing sequence {g;x} as the size of the boundary element ({(diam As, —>»0= N — o0)
diminishes to the exact (energy) solution ¢, of the second problem should be considered /2, 11/
upon satisfying certain conditions on the interpolation functions @i, (i =1, ..., m) of the
form (2.2) of the boundary element As, C Sa.

The convergence of the boundary-element approximation as the size of the boundary element
diminishes is ensured /2, 11/ by the condition of completeness of the basis functions of an
element and the condition of consistency of the elements, which is that the interpolation
function and its derivatives to order ¢ —1 inclusive should be continuous during passage
through the boundary elements, where ¢ is the highest order of the derivatives contained in
the functional. Completeness criteria for the basis functions of a finite element and the
consistency of the finite elements ensuring convergence of the FEM (finite element method) in
the "Ritz" formulation method are presented in /11/. Since the boundary-element approximation
considered above for the variational problems for a BF of the form (1.1} is essentially a two-
dimensional finite-element approximation, the above-mentioned criteria can alsoc be used here.
In particular, the completeness criterion for boundary-element basis functions is satisfied
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if the interpolation function ¢, ¢ =1, ,m) of the form (2.2) are represented in the form of
a complete polynomial, as a minimum, of the first degree in the variable 1= As, while the
consistency criterion of the boundary elements is satisfied while writing the BEM equations
because of equality of the nodal values of the desired solution at common nodes of contiguous
elements (see Sect.5).

The realization of the proposed BEM variational formulation is considered in Sect.6
using the example of the algorithm to solve a unilateral variational problem for the BF (1.2).

4. We consider the BEM formulation on the basis of a variational problem for the GTF
(1.4). The appropriate bilinear functional has the form

@ (u, v)—2 \ W (w, v)dG + — 5 €99 (u) 6 (v) ds — (4.1)
G s
S t0) (u) vds — S ut® (v) ds
S S

The functional @ (u) is minimized (see Sect.l) by solutions of the equation Au =K in
the domain G which it is natural to consider as a constraint on the problem of finding min @ (u).
This problem is single~valuedly solvable /8/ under appropriate conditions of single-valued
solvability of the second boundary value problem of linear elasticity theory. We will consider
the case of a homogeneous isotropic elastic medium. To solve the problem of finding min @ (u)
we use the boundary-element approximation from Sects.2 and 3 in the form of the boundary (2.1),
the domain Ga C G and the approximations

N m K
uy (z)="56(z) + n};ll i§1 gll Uibnr(z)y 2=Ga (4.2)
8(0)= { M@ K dCaly), yEGCa
Ga

Here U;. are components of the desired nodal displacements of the boundary element As,,
the functions P,y are determined by (3.2),8 () is the bulk potential of a homogeneous isotropic
elastic medium, and TI'(z, y) is the matrix of fundamental solutions of the statics equations

of linear elasticity theory /9/.
The equality resulting from the material in Sect.2

K
EIU,kﬁnk':ﬁim i=1,...,m, n=1,..,N

is used later.

The bulk potential 8 (r) is a regular function /9/ (for x5 ¥) and for any z = G, satis-
fies the equation A8 = K (z); the functions ., (z) (x = Ga) satisfy the equation ABi, =0
(see (2.5)). Then for each N the approximations (4.2) satisfy the constraint Auy = K almost
everywhere in the domain Ga for the variational problem for the functional d)GA (un), approxi-

mating the functional @ (u).
Relationships that follow from the above and the Betti formulas /8/

W3, v)dGa= § 1) vds ) + § KvdGa (4.3)
Sa Ga

2
Ga
m m N
2 S W(Z Bovv)dea=§ V(3 Bun)vds @) Bov= 3 P

ja=l 8a 1=1 n=}

and are valid for vector-functions v sufficiently smooth in Ga + Sa, will be needed later.
From the condition for a minimum of the functional ®@;, (uy) Wwe obtain a Ritz system to

determine the coefficient U,y which is written in general form thus

Ushr + 8,Brp) =0, r=1,..,N, p=1,..,K (4.4)

ks

N m
Do, (nzjl ié!.

Using the expression of the bilinear functional approximating the functional (4.1) by
the approximations (4.2), and the relationships (4.3) to eliminate volume integrals of the

k=1

form 2 S W (u, v)dGs from (4.4) and also using relationships (3.4) and (3.5), we reduce system
Ga
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(4.4) to a system of BEM equations in the desired nodal values Uy (i =1,..., m)
N K
) & &
Dvalz § comzEetmw 2217 ds, ()~ (4.5)
n=1 k=1 A (m) n n
. &
Prc (b W) 2 17 1 dsa ()]} =
rAsn(“) n
N K
1 ap
3N | ez dsnm —
n=1 p=1 Aan(n) "
o
8e (h, ) 2| J | ds,, m]} +GS KByx dGa
As () " A

M=z
1M

-

ﬁrp

Byx=
r

Il
-

where the functions B,,(zr) are determined from (3.2).

The single-valued solvability of system (4.5) (under conditions for solvability of the
corresponding boundary value problem in the domain G, with boundary Sa) is set up, firstly,
on the basis of symmetry of the system matrix, which follows from the symmetry of the bilinear
functional QMA(UN,VN) and the second relationship from (4.3), secondly, on the basis of
positive-definiteness of the matrix, as follows from the positive-definiteness of the functional
Oc, (uy) for the vectors uy of the form (4.2) that satisfy the single-valuedness condition

(3.7).
Solvability of the Ritz system obtained for minimizing the GTF with boundary norms

1 Ty gy 1162 )y

{see Sect.l) is investigated in /12/; also investigated is the stability of the Ritz process
and recommendations are given for solving systems of equations of the form (4.5) by an iteration
method.

The foundation for the proposed BEM formulation, using the GTF of the second boundary
value problem of linear elasticity theory, is based on the fact that the boundary-element
approximations (4.2) of the solution of the variational problem for this functional are "Ritz"
approximations (see Sect.3). The convergence of the "Ritz" approximations in GTF minimization
boundary value problems of linear elasticity theory is proved in /4/.

5. We now turn to questions concerning the
ational formulations of the BEM. We examine the
iscparametric curvilinear boundary elements /2/.
of the boundary and the functional nodes for the
and the very same systems of basis BEM functions

numerical realization of the proposed vari-
case of approximating the domain boundary by
Then the geometric nodes for the approximation
approximation of the solution are in agreement
are used for the approximation., We will show

that in this case the coefficients for the unknowns of the system of BEM equations of the form
(3.6) are determined identically by the coefficients of a classical Ritz system /8/ for the
BF minimization problem of the form (1.1) with the constraint A¢ =0 in G.

For simplicity we consider the two-dimensional case corresponding to the plane problem
of elasticity theory. Then to approximate the boundary we use one-dimensional isoparametric
curvilinear boundary elements with a quadratic change in the BEM basis elements at points of
the element; such an element has three nodes. We perform certain auxiliary constructions that
are associated with elements of the differential geometry of surfaces, particularly with the
properties of the Jacobians of mutually inverse differential mappings /13/. In the case of
one-dimensional boundary elements As, the mapping “As, (y) — As, (1) is characterized by the
Jacobian

dy,

a,,yiETn-, i=—1,2

I [= {(8ng1)* + (Fnya)), (.1)
We recall (see Sect.2) that y = (¥, ¥2) are Cartesian coordinates, while M is the local
coordinate of points belonging to the boundary element As,.
In the case of the isoparametric element As, (1) the relation between the Cartesian
coordinates (y;, y;) and the local coordinate v is the following:

X
y:=’2llyik'¢k('fl)’ i=1,2, n=As,, n=4%,..,N (5.2)
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where (¥, Y2x) are Cartesian coordinates of the node k of the element As,, while 1 (7)) are
the second~order BEM basis functions in n and K =3 is the number of interpolation nodes
within each element As,. At the points of the approximating boundary (2.1) with the external
normal v, (yx, ¥») the normal derivative of the basis functions Yy {¥y, ¥2) is defined as
o -
a"nq‘k = 8y, COS (Ve Uy) - 8,y cOs (Vas Ya)e avn = N ("-'%)

n

Furthermore,‘ we use the expression (/13/, p.B7) for the direction cosines of the normal
v, at points of the element As, whose geometry is approximated by using the basis functions
Py () by the relationships (5.2)

€08 (Vs i) == 0,y {(By, ) + (G i)} i=1,2

Substituting these relationships into (5.3) and taking account of the equality 69;“”‘ =
Onbedyn (i = 1, 2). we obtain

O, i == pic ((By M) 4 (8, M%) Frs=s By | T [

where |J ]! is the Jacobian of the inverse mapping As, {(n) — As, (y) (see (5.1)).

The Jacobians of mutually inverse continuously differentiable mappings are related by
the relationship |J |"t}|J |=1 (/13/, p.62). Then the coefficients for the unknowns in the
system (3.6) are transformed as follows

( oupyJldn=§ owpbpdn, kp=1...K
mn)

Asn(n) Asn(

Let us present a method for compiling the eguations in system (3.6). Since each of the
basis functions Y, of the n-th element is identically zero at contiguous points of the (rn — 1)
-th and (7 -+ 1)-th elements, each of the equations of the system will contain components for n = z. and

the remaining components vanish. There are two kinds of equations. For the middle node of the
n-th element the left-hand side of the equation is written in the form
- cDilII— + (Diz (Iz_ -+ 12+) - (I)ialu+ (5-4)

E2
Iki: S 5ﬂ‘{?k‘l’kdm k:i’z‘ 3; i:1,2

4

where @,, are the desired nodal values, and M is a dimensionless coordinate that varies
within the limits of the element between —1 and 1. For the common node of the adjacent
n-th and (n + 1)-th elements, the left side of the equation will have the form

il — O (I 4 15 4 ORVL (5.5)
1= o Oy dy; ki=1,2

[

Here (DE;'ﬂ) = O, i.e. the desired nodal value for the first node of the (n + 1)-th
element agrees with the nodal value for the third node of the n-th element (numbering of the
nodes is counter-clockwise). Therefore, at points of the approximating boundary Sa the
solution will be continucus, and therefore, the consistency condition for the boundary elements
As, is satisfied (see Sect.3).

6. The unilateral variational problem for the BF (1.2) in the set of vector-functions
9= V(S;) under the linear constraints (1L.3) is equivalent /5/ to the unilateral boundary
value problem

Ap=0 in 6, ¢M|g>0, (@ +tVw)g>0 (6.1)
(@ [tV (@) + tV ()l = 0), V(@) |5, =0

where t™ () is a given normal stress vector at points of the boundary of possible contact
S, (here the vector t™ (u) is not related to the displacement vector u* (see Sect.l)).
Problem (6.1) is a problem of the generalized Signorini problem type that is solvable /7/
under the condition ™ (m) Is, < 0.

Numerical realization of the proposed BEM formulation on the basis of a variational
problem for a BF is examined in an example of a classical plane contact problem of insertion
{without taking friction into account) of an absolutely rigid stamp into an elastic isotropic
half-plane which can be formulated as problem (6.1). A duality algorithm (of the Udzawa-
Arrow-Gurwitz type /14/), based on the reciprocal formulation of the Lagrangian maximum
problem, is used to solve this problem as a variational problem for a BF of the form (1.2)
with linear and convex constraints on the allowable functions. The Lagrange multipliers
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{M}j=0,1,2..,, Were used to remove the convexity constraint ¢ =V (S) and the mechanical inter-

pretation of these multipliers is: %; is the intensity of the distributed normal support reaction
at points of the set §5°C S, (unknown a priori)} at which the stamp contact with the boundary

§; exists; here W”Q=& where @, =V (§;) is a solution of problem (6.1}.
1

When solving the duality problem for a minimum (with fixed Lagrange multipliers), a Ritz
process is used on the basis functions in the form of the potentials (2.4) satisfying the
linear constraint of the problem, the equilibrium equation. Here the boundary §; of possible
contact was approximated by isoparametric second-order boundary elements and the solution of
the boundary-element approximation of the problem on the minimum in the BEM basis functions

Y=g —n) b=+, =Y+

was realized according to the material in Sects.2, 3 and 5. When writing the boundary-element
equations according to (5.4) and (5.5) at the extreme nodes of the discretized contact boundary
S;a + the nodal values of the stress vector t™ () were assumed to be zero.

The maximum problem under convexity constraints on the Lagrange multipliers was solved
by the gradient descent method (generalization of the Frank-Wolf method /14/). The condition
for halting the iteration process in »; was given as

N
ZI S Pan [t(v")(tn]n)—ﬂ)] ds, | <& {6.2)

n=1 As,

where ¢ is a given positive number governing the required accuracy of the iteration process
in the number of iterations j for a fixed number N of boundary elements As; of the boundary
Sia- The vector t™ (u) {see (6.1)) was given as: t™(u)=—p, vhere p(m) >0 =S8, is
the contact normal pressure function under a stamp with a definite stamp-surface geometry in
the contact zope under the action of a force

a
P o= S py)dy

on the stamp, where ¢ is the halfwidth of the symmetric possible contact zone relative to the
stamp axis /15/. The function p(y) for a circular stamp bounded by the second-order curve

f (v) = y*/(2R) within the limits of the possible contact zone S§; was taken from /15/ (p.65). Two
versions of the partition of the contact boundary §; into boundary elements were considered
for the greatest depth taken (along the stamp axis of symmetry) for the stamp insertion k=
0.02R and the corresponding halfwidth ¢ = (0L2R of the possible contact zone. For six elements
and e=5x10 under conditions (6.2), the greatest error (at the point y=0 on the stamp
axis of symmetry) in the values of p and “W(QMN) was 8= 16% (= 14). For twelve elements the

following error values are obtained: 6~ 14.5% (j = 18) for e=5x10"%; O=8% (j=29) for &=10"2,
and 8=1.5% (=55 for e=10" (computations performed on an ES-l022 computer).
It was established that an increase in the number of iterations j affects the diminution in
the error § to a greater degree than an increase in the number of boundary elements N.

In substance, the example examined is corroborating the duality algorithm used, in
the sense that the given contact stresses p(y), obtained as a result of solving the plane
contact problem by the method of complex function theory /15/, are compared with the contact
stresses t“NmMN), ocbtained as a result of solving the unilateral variational problem for the

BF (1.2).

7. We will make certain deductions. Unlike the BEM formulations recalled at the beginning
of the paper, the systems of BEM equations have symmetric matrices in the proposed variational
formulations., Composed with the BEM formulation utilizing boundary integral equations, there
is no singularity in calculating the surface integrals in the stage of system matrix formation.
Values of the generalized Trefftz functional of the problem being solved, calculated by the
approximate solutions /4/, or values of the functional of the dual variational problem /3/
can be used for an a posteriori estimate of the error in the boundary-element approximations,
{in the BEM formulation using boundary functionals).

At the same time the possibilities of practical utilization of the proposed BEM formula-
tions are constrained by the boundary value problems for which Green's functions exist., If it
is taken into account that Green's function is required in explicit form to obtain the solution
at points of the domain by the boundary values found, then application of the BEM formulation
is possible in contact problems of linear elasticity theory in which we are interested in the
displacement and stress distribution at points of the contact boundary. It is sufficient for
such problems to satisfy the conditions on the data of the problem for which Green's function
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exists; its construction in explicit form, however, is not necessary.

The possibility should be noted of a dual formulation of BEM on the basis of the dual

variational problem for boundary functionals in terms of the surface stresses /3/.

In conclusion, we note that the variational BEM formulations elucidated for linear

elasticity theory problems can also be used for other elliptic boundary value problems by
using the variational construction of problems for boundary functionals resulting from
orthogonal expansions on the boundary of a domain in elliptic boundary value problems /16/.

10.

11.

12.

13.

14,
15,
16.
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